MANCH F\\&ER

The University of Manchester

Combinatorial Mesh Calculus (CMC):
Lecture 8

©000000000000000000000000000000000000000000000000000000000000000000000000000000

Lectured by: Dr. Kiprian Berbatov'
Lecture Notes Compiled by: Muhammad Azeem!
Under the supervision of: Prof. Andrey P. Jivkov!

1 Department of Mechanical and Aerospace Engineering, The University of Manchester, Oxford Road,

Manchester M13 9PL, UK



https://scholar.google.com/citations?user=x4R-snQAAAAJ&hl=en
https://scholar.google.com/citations?user=CoIpITkAAAAJ&hl=en
https://scholar.google.co.uk/citations?user=3nWJe5wAAAAJ&hl=en
https://youtube.com/@kipi.berbatov

MANCHESTER .
The University cfhcstcr EXte rl 0 r AI g e b ra

Graded-commutative rule.

If A® = ®p20 AP is a graded algebra and v € AP, w € A9, then

vw=(-1)Mwuw.

Definition (Exterior algebra).

Let R be a CRWU and VV an R—module. The exterior algebra
A°V is the smallest alternating (associative, unital) R—algebra
generated by V/, i.e. the quotient of the tensor algebra T'(V') by
the ideal generated by all v @ v (v € V). It is graded

AV =AYV, a€cAPV, BeAV = anBe AV,
p=0



Exterior Algebra

The University of Manchester

Definition (Exterior algebra).

A'V:@A”V, a € APV, Be AV = aAp e APV,
p=0

with A°V = R, A'V =V, and

N
A%V = {Z)\kvk/\wk

k=1

N eN, \x € R, vk,kaV}.

The product is denoted by A and satisfies graded-commutativity:
if o is homogeneous of degree p and 3 of degree ¢, then
aAp=(—1PIgAa.



Basic anti-commutation with a vector
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Proposition.

Let R be a CRWU, V an R—module, v € V = A'V and a € A*V
homogeneous of degree p. Then

vAa=(-1)PaAwv.

In particular v Av =0and, ifpisodd, v Aa+a Av=0.

Proof.

In A*V we have the graded-commutative law with degrees

degv = 1 and dega = p, hence v A a = (—1)'"Pa A v. Taking
p=1lyieldsvAv=—vAwv,s02(vAv)=0.Since v Avisthe
image of v ® v in the quotient T'(V') /(v ® v), we have v A v = 0 by
construction (no characteristic assumption needed). If p is odd,
(1) =—landvAa+aAv=0. O



Dimension bounds and spanning sets
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Corollary (Finite rank n).

Let R be a CRWU and V a free R—module of rank n with basis
€1,...,6ey. Then:

1. If p > n, then APV = 0.
2. If 1 < p < n, then the p—vectors

{62'1/\6@2/\-"/\62'17’1§i1<"'<ip§n}

span APV.



Proof
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(1) Any pure p—tensor v A - -- A v, is alternating and multilinear in

the v,. Express
Vi — Z )\kjej
j=1

and expand. Every term containing a repeated basis vector ¢;
vanishes because ¢; A e; = 0. With only n distinct basis vectors
available, no nonzero terms remain when p > n.

(2) By multilinearity, each v; A - -- A v, is an R-linear combination
of wedges of the basis vectors. Using e; A e; = —e; A e; we can
sort factors to increasing indices; terms with repeats vanish.
Hence the displayed set spans APV O



Example in R: wedge and determinants
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Let V = R? with basis e; = (1,0), e2 = (0,1). Take
u = Ai1e; + Aoeo, v = uie] + pse2, W = K1€e] + Kaeg.

Compute u A v. Using bilinearity and e; A e; = e3 Aea = 0,
eao Nep = —ep Nes,

UNv = ()\161 + )\262) A (/1,161 + MQ@Q)
= Ap2 (e1 Ae2) + Aapr (e2 Aer)

AMA
= (A2 — Aap1) er Neg = det<M1 Mi) e1 N\ es.

Compute u A v A w. Since A3R? = 0 (corollary with p = 3 > 2),
uNvAw=0.

The scalar coefficient of e; A es is the signed area (determinant)
of the 2 x 2 matrix with rows (or columns) u, v; the third wedge
vanishes because at most two independent directions live in R2.



Example in R?: cross and triple products
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Let V = R? with basis e, e2, e3. Write

u = A1e1 + Ages + Azes,
v = pi1e1 + pgez + pses,
w = Kie1 + Kaeg + K3es.

u A v. Expand and collect on the basis {e; A ey, e2 Aes, e3 Aer}:

uNv :()\1,u2 — )\2#1) e1 N\ eg + ()\2,&3 — )\3#2) ex N es
+ (Asp1 — A1pg) es Aeq.

Identification with the cross product. Using the canonical iso-
morphism x : A2R3 — R? defined by

x(e2 Nesz) =e1, x(e3Ner)=ea, *(e1Nea)=es,

Note: We will discuss this canonical isomorphism (x) in coming
lectures.



Example in R3: cross and triple products
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We get

Aopt3 — Azpio
x(uAv)= | A1 — Az | =uxo.

A2 — Ao piq

u A v A w. Expanding on the basis e; A ey A e3 yields
K1 K2 K3

A A2 A3
uAvAw=det| u1 po pus| erAexAes.

The scalar is the scalar triple product (u x v) - w; it gives the
oriented volume of the parallelepiped spanned by (u, v, w).



Bases of AR and AR
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For V = R? with basis e, es:

AV =AV @ AV @ A’V
=Span{l} @ Span{e;,es} ® Span{e; Aes}.

For V = R? with basis e, e, e3:

AV =AV @ AV @ A2V @ A3V
= Span{1} @ Span{e, ez, e3}
@ Span{e; Aea, e2 Aes, e1 Aes}
@ Span{e; A ey Aes}.



Basis of A”V and Binomial Count
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Let R be a CRWU and V an n—dimensional free R—module with
basis e1,...,e,. Forp € {0,1,...,n} the set

Bp = {61'1/\61'2/\---/\61';0|1§i1<"'<ip§n}

is a basis of APV. In particular,

dim APV = (”)
b



Basis of A”V and Binomial Count
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Proof.

Spanning: Any v A --- A v, expands R-linearly in the basis {e;};
terms with repeated indices vanish (e; A e; = 0), and the
graded—commutativity lets us sort indices increasingly, giving a
combination of elements of B,,. Linear independence: Consider

the coordinate map ¢ : APV—>R(Z) that records coefficients w.r.t.
B,; by construction its kernel is 0, so the family is
independent. Ol

Binomial theorem and dimensions. For ¢t an indeterminate,
n n n
> dimAPY P =) < )tp =(1+1"
p=0 p=0 p

Att =1 this gives 37 (7) = 2" = dimA°*V.



Exterior Power of a Linear Map
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Let R be a CRWU, V, "W R—modules, p € N, and
f € Homg(V, W). The p—th exterior power

AP f: Homp (APV, APW)
is the unique R-linear map determined on decomposables by
(APf) (01 A== Avp) = Fun) A-- A F(up).

Uniqueness follows from multilinearity and alternation.



Exterior Power of a Linear Map
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Example (V = W = R?).

Lete; = (1,0), e2 = (0,1) and write
fle1) = arier + aziez, f(e2) = aize1 + anes.
Then

(A%f)(er Aez) = fler) A f(e2)

= (a11€1 + az1€2) A (aize1 + axzez)

a1 ai
= (a11a22 — ag1a12) €1 A eg = det 2) e1 Aes.
az1 a2



Determinant via Top Exterior Power
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Definition (Endomorphism).

Endr(V) = Homg(V,V) is the R—algebra of R-linear maps
V=V

Top exterior power and determinant.

If dimV = n, then dim A"V = () =1,s0 A" f : A"V — A"V is
multiplication by a unique scalar A € R:

(A"f)(a) = Aay, a e A"V

We define det(f) := A.
Compatibility with matrices. Let ¢ = (e, ..., e,) be a basis and
A= (f)S € Mypxn(R) the matrix of f. Then

det(f) = det(A).



Determinant via Top Exterior Power

The University of Manchester

Proof sketch with details on e; A---Ae,,.
Write f(ej) = Zz A;5€;. Then

(A"fllet N---Ney) = /\ <Z aijel)
= =1

(Sgn U) A1o(1) " " Gng(n) €1 ARRRNAY
€Sn

(det A) erN---ANep,

so A" f is multiplication by det A. O]



Multiplicativity of Determinant

The University of Manchester

Theorem. Let R be a CRWU, dimV = n, and f,g € Endgr(V).
Then

det(g o f) = det(g) - det(f).

Functoriality of exterior powers gives A"(go f) = A"go A" f.
Since A"V is 1-dimensional, there exist unique \, i € R with

A" f = \id, A"g = pid.
Hence
A"(go f) = (A"g) o (A"f) = (uid) o (Aid) = (u))id,

so det(g o f) = uX = det(g) det(f). O



Visualization
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A"(go f)

AV

A"g

A"V

AV



Interior Product (Contraction)
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Let R be a CRWU, V an R—module. For p > 1, the interior
product (contraction)

i: VX APV* — APTIY*, (v,w) = fyw
is the unique R-bilinear map such that:

Mp=1: i,w=w)€E€R, (weV,weV*);
(2) Leibniz rule (degree —1 derivation):

io(w A7) = 60w A+ (=1)Pw Adun,

forw e APV* ne AV*.

By R-bilinearity, extend to all p and sums.



Interior Product: Computations in R
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Let V = R? with basis e, e and dual basis e, e2.
On 1-forms:

G () =1, i (e?) =0,  dgy(e!) =0, igy(e?) =1.
On 2—forms: using i,(w A7) = i,w AN —w Ad,n forw € AL,

i (€PN e?) =g (NN —et Nig,(e2) =12 —el N0 = €2,

iBQ(el /\62) :iez(el)/\e2 —61/\i62(62) :0'62—61 -1 = —61.

For v = aey + bes,
iv(e' Ne?) =ae? —bel.

This is the Hodge—dual of v in dimension 2.
On functions (0—forms): i,: A°V* = R — 0 is the zero map.

20



Algebraic Identities for the Interior Prod.
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Proposition.

Let R be a CRWU and VV an R—module.
1. Foranyv eV, i, 04, =00n A°V*.
2. The canonical map

¢ : AP(V*) — (APV)*

defined on decomposables by

Pwi A=~ Awp)(Vr A---Avp) =iy, 00y (W A---

is an isomorphism when V is finite-dimensional.
Equivalently,

A wp)

Pwi A=+ Awp)(vr A=+ Avp) = det(wi(v))),<; i< -

21



Proof
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Proof

(1) It suffices to check on w = wy A --- A w, With w; € V*. The
operator i, inserts v into the first slot of the alternating p—form (up
to signs).

Inserting the same vector twice yields 0 by alternation, hence

i2w = 0; linearity gives the claim.

(2) For decomposables the two displayed formulas agree
(straight computation using the Leibniz rule shows the cofactor
expansion).

In a basis {e;} with dual {e’}, both A?(V*) and (APV)* have the
same rank ("), and ¢ sends the basis element ¢’* A --- A e? to
the functional that picks the coefficient of e;, A--- Ae;,; hence ¢ is
bijective. O]
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Worked Contraction Example
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For wy,we € V* and vy, v9 € V,

Ty O Ty (W1 A W) = Gy (Gy, (W1) A Wa — W1 Ay, (w2))
= iy, (W1 (V1)) wa — gy (w1) w2(V1) — Gy, (w2(v1)) w1
=0 cWo — wl(vg) wg(vl) —0- w1 + UJQ(UQ) wl(vl)

_|wi(v1)  wi(ve)
~we(v1)  wa(ve)

Thus, for p = 2,

¢(w1 AN w2>('01 A\ UQ) = det< 1(1}1) bt (U2)> ,

w9 (’Ul) w9 (UQ)

which matches the determinant-via—top—exterior—power paradigm.

23



Summary of Lecture 07
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Main Ideas: Exterior Algebra and Determinant Structures

e Exterior algebra A°V: smallest alternating, associative,
unital algebra generated by a module V' over a CRWU.

e |tis a graded algebra:

AV =EPAV, aclV, BNV =anB=(-1"BAa
p=0
e Basis: FordimV =n, {e;; A---Aeg, |1 <i1 <--- <ip<n}
is a basis of APV
e Dimension: dim APV = (Z) and
> dimAPY 7 = (1+1)".
p=0

24



Summary of Lecture 07
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Main Ideas: Exterior Algebra and Determinant Structures

e Exterior power of maps:
APf(or A= Aup) = flur) Ao A f(up).

e Determinant: For f € End(V'), A" f acts on the
one-dimensional A"V by multiplication with det(f), and

det(g o f) = det(g) det(f).
e Interior product: i, : APV* — AP~1V* defined by

iw(WAN) =tyw AN+ (=1)Pw A iy, f,w = w(v).
e Canonical isomorphism: AP(V*) = (APV)*, with
Pwr A=+ Awp)(vr A=+ Avy) = det(w;(v)))

1<i,j<p’

25



Roadmap
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Binary op. *: R X R —
3

Ring-like structure
(R,+,-)with+-: RXR— R
3
Module
Vo4, )with +: VXV -V, .: RxV =V

¥

Group-llke structure
R

Algebra
(A, +, -, *) combining ring & module over R

— T~

[ Tensor Algebra ) [ Exterior Algebra }
A

T(V) =Dixo i(V) M) =T(V)/(v®v)

Symmetric Algebra
SWV)=T(V)/(v@w—wQ v)
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